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Abstract. In this paper, we introduce a unitary invariant 

r : [B(H) n ]i ^Noo X Noo X Noo, Noo^NUjoo}, 

defined in terms of the characteristic function Qt, the noncommutative Poisson kernel Kt, and the 
defect operator Ay associated with T 6 [B('H) n ]^ . We show that the map T detects the pure row 

to/} 

isometries in the closed unit ball of B{H) n and completely classify them up to a unitary equivalence. 
We also show that T detects the pure row contractions with polynomial characteristic functions and 
completely non-coisometric row contractions, while the pair (r, ©t) is a complete unitary invariant for 
these classes of row contractions. 

The unitary invariant Y is extracted from the theory of characteristic functions and noncommutative 
Poisson transforms, and from the geometric structure of row contractions with polynomial characteristic 
functions which are studied in this paper. As an application, we characterize the row contractions 
with constant characteristic function. In particular, we show that any completely non-coisometric row 
contraction T with constant characteristic function is homogeneous, i.e., T is unitarily equivalent to 
<p(T) for any free holomorphic automorphism ip of the unit ball of B(H) n . 

Under a natural topology, we prove that the free holomorphic automorphism group Aut(BCH)") is a 
metrizable, tr-compact, locally compact group, and provide a concrete unitary projective representation 
of it in terms of noncommutative Poisson kernels. 



Introduction 

An n-tuple T = (T±, . . . , T n ) of bounded linear operators is called row contraction if it belongs to the 
closed unit ball 

[B{H) n ]i := {(X 1 , . . . ,X n ) 6 B(H) n : X X X X * + • • • + X n X* < I}, 

where B(H) is the algebra of bounded linear operators on a Hilbert space H. In recent years, there 
has been exciting progress in multivariable operator theory on [B(H) n ]7 , especially in connection with 
dilation theory and unitary invariants for n-tuples of operators such as characteristic function, curvature 
and Euler characteristic, entropy, joint numerical radius and joint p-operator radius (see [5], [llj . |12j . 
[T5] . [TB] and the references therein). 

A central problem in multivariable operator theory is the classification, up to a unitary equivalence, 
of n-tuples of operators. In this paper, we introduce a new unitary invariant 

T: [B{H) n ]l 4N M xNoo x 

which is extracted from from the geometric structure of row contractions with polynomial characteristic 
functions and the theory of noncommutative Poisson transforms on the unit ball of B(TL) n . We use T to 
detect and classify certain classes of n-tuples of operators in the unit ball of B(H) n . 



Date: February 5, 2012. 

2000 Mathematics Subject Classification. Primary: 47A45; 47A13 Secondary: 43A65; 47A48. 

Key words and phrases. Unitary invariant; Row contraction; Characteristic function; Poisson kernel; Automorphism; 
Projective representation; Fock space. 

Research supported in part by an NSF grant. 



1 



2 



GELU POPESCU 



In Section 1, we show that a row contraction T = (Ti, . . . ,T n ) has polynomial characteristic function 
of degree m G N := {0, !,-•.} if and only if T admits a canonical upper triangular representation 



Ti = 



Vi * * 
Ni * 
Wi 



i = l,...,n, 



where (Vi,...,V n ) is a pure isometry, (Ni , . . . , N n ) is a nilpotent row contraction of order m, and 
(Wi, . . . , W n ) is a coisometry. In the particular case when n = 1 and T is a completely non- unitary 
(c.n.u.) contraction, we recover a recent result of Foia§ and Sarkar [3j. The results of Section 1 lead to 
the definition of the map 

r : [B(H) n ]i — ► Nqo x Nqo x Nqo, T(T) := (p, m, q) 

by setting m := deg(Or), g := dim(keri'SrT), and 

'dim(TJ> m e V m+1 ) if m £ N 



P 



dim At'H if m = oo, 



where T> m := spanjTjgAy/i : /i £ "H, |/3| > m}, Qt is the characteristic function, is the noncommu- 
tative Poisson kernel, and is the defect operator associated with T G [B(H) n ]i . 

In Section 2, we show that the map T detects the pure row isometries in the closed unit ball of 
B(H) n and completely classify them up to a unitary equivalence. We also show that T detects the pure 
row contractions with polynomial characteristic functions and completely non-coisometric (c.n.c.) row 
contractions, while the pair (r, 0x) is a complete unitary invariant for these classes of row contractions. 
As an application of the results from Section 1, we prove that the characteristic function <3t is a constant 
if and only if T admits a canonical upper triangular representation 



T 



w % 



1. 



where V := (Vi, . . . , V n ) is a pure isometry and W := (Wx, ■ • ■ , W n ) is a coisometry. 

In Section 3, we prove that a c.n.c row contraction T is homogeneous if and only if Qt ° iff coincides 
with the characteristic function Qt for any \1/ in the group Aut(B(H)™) of free holomorphic automor- 
phisms of [B(H) n ]i. In particular, we show that any c.n.c row contraction T with constant characteristic 
function is homogeneous, i.e., T is unitarily equivalent to <p(T) for any if £ Aut(S(H)™). Moreover, we 
show that 

Vi{T) = U lf> T i U*, i = l,...,n, 

where U v is a unitary operator satisfying relation U^U^p — c(<p, ^U^oip for some complex number 
c(ip,ij}) G T. We remark that in the single variable case (n = 1) we find again some of the results 
obtain by Clark, Misra, and Bagchi (see p], [2]). 

The theory of characteristic functions for row contractions [5] was used in |16j to determine the group 
Aut(i?("H)™) of all free holomorphic automorphisms of [B(H) n ]i. We obtained a characterization of 
the unitarily implemented automorphisms of the Cuntz-Toeplitz algebra C*(Si, . . . , S n ), which leave 
invariant the noncommutative disc algebra An, in terms of noncommutative Poisson transforms. This 
result provided new insight into Voiculescu's group [18] of automorphisms of the Cuntz-Toeplitz algebra 
and revealed new connections with noncommutative multivariable operator theory. Employing some 
techniques from [16], we prove that, with respect to the metric 

d £ {4>, VO := 110 - ^||oc + WHO) - ^(0)11, t/>,il> G Aut(fl(70?), 

the free holomorphic automorphism group Aut(£?(%)™) is a cr-compact, locally compact group, and we 
provide a concrete unitary projective representation of it in terms of noncommutative Poisson kernels. 

The author thanks Jaydeb Sarkar for useful discussions on the subject of this paper. 
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1. ROW CONTRACTIONS WITH POLYNOMIAL CHARACTERISTIC FUNCTIONS 

Let H n be an n-dimensional complex Hilbert space with orthonormal basis e±, e^, ...,e„, where 
n = 1,2, ... . We consider the full Fock space of H n defined by 

F 2 (H n ) : =Cl®0fff% 

k>l 

where H® k is the (Hilbert) tensor product of A; copies of H n . Define the left (resp. right) creation 
operators Si (resp. Ri), i = 1, . . . ,n, acting on F 2 (H n ) by setting 

Sisp := &i ® (p, ip£F 2 (H n ), 

(resp. Ritp := ip®ei, <p £ F 2 (H n )). The noncommutative disc algebra A n (resp. TZ n ) is the norm closed 
algebra generated by the left (resp. right) creation operators and the identity. The noncommutative 
analytic Toeplitz algebra F£° (resp. 72£°) is the weakly closed version of A n (resp. lZ n ). These algebras 
were introduced (see [BJ, [7J, [H]) in connection with a noncommutative von Neumann type inequality 

B3- 

Let F+ be the unital free semigroup on n generators g\, . . . ,g n and the identity go- The length of 
a £ F+ is defined by \a\ := if a — go and \a\ := k if a = g^ ■■ ■ gi k , where ,ik £ {1, ■ • ■ , n}. If 

(X\, . . . ,X n ) £ B(H) n , where B{%) is the algebra of all bounded linear operators on the Hilbert space 
%, we set X a := ■ ■ ■ Xi k and X ga := 1-^. We denote e a := ® ■ • ■ ® ei k and e go := 1. 

We recall ([5], [5]) a few facts concerning multi-analytic operators on Fock spaces. We say that a 
bounded linear operator M acting from F 2 {H n ) ® K to F 2 (H n ) ® K! is multi-analytic with respect to 
Si,...,S n if 

M (St ® I K ) = (St ® I K >)M, i = l,...,n. 
We can associate with M a unique formal Fourier expansion 

A/(i?i,...,i?„) := R a ®e [a) , 
aewt 

where 0( a ) £ B(JC,K'). We know that 

oo 

M = SOT- lim Y r^Rc ® 6 {a) , 

k=0 \ a \=k 

where, for each r £ [0, 1), the series converges in the operator norm. Moreover, the set of all multi-analytic 
operators in B(F 2 (H n )®}C,F 2 (H n )®1C') coincides with R™(&B(1C,K'), the WOT-closed operator space 
generated by the spatial tensor product. A multi-analytic operator is called inner if it is an isometry. 
We remark that similar results are valid for multi-analytic operators with respect to the right creation 
operators R\, . . . , R n . 

According to [14], a map F : [B(H) n ]i — > B(H)® m i n B(8 ,Q) is called free holomorphic function on 
[B(H) n ] 1 , 7 > 0, with coefficients in B(£ , Q) if there exist Aua £ B(£, Q), a £ F+, such that 

oo 

F{X x ,...,X n ) = Y J J2 X «® A (*)i 

k=0 \a\=k 

where the series converges in the operator norm topology for any (X\, . . . , X n ) £ [B(H) n } 7 , where 

[i?(H)"] 7 :={(X 1 ,...,X n )£B(U) n : + ■ • • + X n X*\\ 1/2 < 7>, 

For simplicity, throughout this paper, [Xi, . . . , X n ] denotes either the n-tuple (X%, . . . , X n ) £ B(H) n 
or the operator row matrix [X\ ■ ■ ■ X n ] acting from U {n \ the direct sum of n copies of a Hilbert space 
%, to %. The characteristic function associated with an arbitrary row contraction T :— [Tx,...,T n ], 
Ti £ B(H), was introduced in [S] (see [TTJ for the classical case n = 1) and it was proved to be a complete 
unitary invariant for completely non-coisometric row contractions. The characteristic function of T is a 
multi-analytic operator with respect to S±, . . . , S n , 

6 T : F 2 {H n ) ® V T * -> F 2 (H n ) ® V T , 
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with the formal Fourier representation 
e T (i?i,...,i?„) :=-I F 2 {Hn) ®T\ VT , +(/ f 2 (H „)8A T ) ^F*(H n )®K-it< Ri ® T i^ 

[Ri®lK,...,Rn® Ik] (lFi(H n ) ® A T * |p r .) , 

where Ri,...,R n are the right creation operators on the full Fock space F 2 (H n ). Here, we need to 
clarify some notations since some of them are different from those considered in [5] . The defect operators 
associated with a row contraction T := [Ti, . . . , T„] are 

/ „ \ 1/2 

A T := I n - ^ T{T* G B(R) and At* := (I - T*T) 1/2 g B(W (n) ), 



while the defect spaces are 2?t := At% and 2?t* := At*7^™- ) . Using the F^°-functional calculus for row 
contractions [7], one can define 

r (Xi, ...,X n ):= SOT- lim e T (rXi, . . . , rX n ) 

r— 

for any c.n.c. row contraction (_X"i, . . . , X„) G [B(Q) n \[ , where Q is a Hilbert space. Depending on T, the 
map 0t may be well-defined on a larger subset of B(Q) n . For example, if ||T|| < 1, then X n- Qt(X) 
is a free holomorphic function on the open ball [B(Q) n ] 7 , where 7 := -p^. Therefore, the characteristic 

function Ot generates a bounded free holomorphic function Ot (also called characteristic function) on 
with operator-valued coefficients in B(T>t' , T>t)- Note also that 

e T (x 1 ,...,x n ) = -i g ®(T\ VT ,) + (ig®A T ) 

[Xi <g> Ik, • • • , X n ® J*] (J s ® A T * |© t , ) 

for any {X\, . . . ,X n ) G [B(C*) n ]i. The characteristic function ©t is the model boundary function of ©t 
with respect to R± , . . . , R n in the sense that 

©t = SOT- lim & T (rRi,...,rRn), 

r— >1 

where 0(rf? 1 , . . . , ri?„) is in 7£„ <8> m i„ B(/C) for any r G [0, 1). 

Let T := [Ti, . . . , T„] be a row contraction with T% G -B("H) and consider the subspace M C C^ defined 

by 

(1.1) R c :=lheR: HOf = for any k = 1, 2, . 

[ M=fc 

We call T a completely non-coisometric (c.n.c.) row contraction if R c — {0}. We proved in [3] that 
R c is a joint invariant subspace under the operators T*, . . . , T*, and it is also the largest subspace in H 
on which T* acts isometrically. Consequently, we have the following triangulation with respect to the 
decomposition H = R C ® Rene- 

Ti= i D , i = l,...,ra, 



where * stands for an unspecified entry, [A\ , . . . , A„] is a coisometry, i.e., Ax A* + ■ • • + A n A* L = In c , and 
[B\, . . . , B n ] is a c.n.c. row contraction. We say that a row contraction T is pure if 

lim V \\T*hf = 0, h eR. 

k— >oc ^ — ' f 

7 eF+,|7|=fc 

An rt-tuple N := (Ni,...,N n ) G B(R) n is called nilpotent if there is m G N such that N a = for 
all a G F+ with \a\ = m. The order of a nilpotent n-tuple N is the smallest m G N with the above- 
mentioned property. Throughout this paper, we make the convention that de degree of a constant 
polynomial (including the zero polynomial) is zero. 
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Theorem 1.1. Let T := [T\, . . . ,T n ] G [B(H) n ]i be a row contraction such that the characteristic 
function 0t is a noncommutative polynomial of degree m G N. Then there exist subspaces T-L v , W n ii, and 
He of % such that H. = % v © "H n u © H c and each Ti admits a representation 



Vi * * 
JV, * 
Wi 



i = l,...,n, 



where [Vi, . . . , V n ] G [B('H v ) n ]i is a pure isometry, [N\, . . . , N n ] G [B(T-Lnii) n \i * s a nilpotent row contrac- 
tion of order < m, and [Wi, . . . , W n \ G [B(7i c ) n ]^ is a coisometry. Moreover, if m — 0, then 1-L n ii = {0} 
and Ti admits the representation 



% = 



w t 



i = l,...,n, 



with respect to the decomposition % — % v % c 



Proof. The characteristic function ®t ■ [B{Q) n ] i — !> B(Q)® m i n B(T>T- , T>t) is a bounded free holomorphic 
function given by 

n oo 

® T {X 1 i...,X n ) = -I g ®{T\ VT ,)+Y J Y. J2 X a X i ®A T {T di )*P i A T ,\- DT , 

i=l fc=0 \a\=k 

for X = (Xi, . . . ,X n ) G [B(Q) n ]i, where the convergence is in the operator norm and Pi denotes the 
orthogonal projection of onto the ?-component of ?iW. Assume that Gt is a noncommutative 

polynomial of degree m G N = {0, 1, . . .}. Then we have A T (Tj3)*Pi A T » = for all (3 G F+ with \(3\ > m 
and i = 1, . . . , n. Hence, we deduce that 

(1.2) A?t,JiTpA T = 0, \(3\ >m, i = l,...,n, 

where J 2 ; : Ti — > %' n J is the injection Jj/i := ®j- =1 Sjih. Define the subspace 

ft„ := span^/i : ft G V T , \P\ > m} 

and note that it is invariant under each operator T±, ...,T n . In what follows, we show that the n-tuple 
P~i|%„> • • • >^n|«„] G [B{T~Lv) n ]\ is an isometry. Note that if h G H, \/3\ > m, and i — l,...,n, then 
relation (|1.2p implies 

7 - T*Ti — T*T 2 
-T 2 *Ti / - T 2 *T 2 

A^* JiTpAxh 



-T*T, 



-T*To 



Consequently, we have 



and 





-TJT B " 









-TfTiTpAh 






-T 2 *T„ 









-TiTiTpAh 




_ T * Tl 


-T*T„ 




TpA T h 




(I - T*Ti)TpA T h 


= 


I 











-T*TiT p A T h 




i,3 G {!,• 


. .,n},i 


^ 3 and | 


3|> 


m, 





i G {!,...,«}. 



(/ - T*Ti)T A T h = 0, 

Hence, we deduce that Ti(H v ) _L Tj(H v ) \f i ^ j and ||Tja;|| = ||x|| for any x G Therefore, the 

n-tuple [T 1 \ Hvl ...,T n \ Uv ] G [B(H v ) n ]^ is an isometry. Set Vi := Ti\ Uv : H v -4 for i = l,...,n. 
According to the Wold decomposition for isometries with orthogonal ranges (see [3]), there is a unique 
orthogonal decomposition % v = T-L S @ T-L u such that % u and TL S are reducing subspaces under V\, . . .V n , 
the n-tuple [Vi^, . . . , V^I^J is a pure row isometry and [Vi|« u , . . . , KjImJ is a Cuntz isometry, i.e., 
Z)?=i(^i|«u)WI«u)* = Moreover, we have 
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Note that, since T = [Ti, . . . , T n ] is a row contraction, if h G then 

ii^ii 2 = E nof= E n^.oir< E irai 2 <iN 2 

|ck|=& |ck j =fc |a|=fc 

for any k G N. Consequently, J2\ a \=k \\ T aH 2 = \\ h \\ 2 for & G N, which proves that h G H c - Therefore, we 
have H u Q ~H C , where H c is given by relation (jl.ll) . 
Define the subspaces 

M := span{ T a h : h G £> T , a G F+} 

and := M Q H v , and let [Ni , . . . , N n ] G B(H n u) n be the n-tuple of operators given by Ni := 

P%nuTi\-n nil for i = 1, . . . , n. Since 

n / n \ 

i=l \i=l / 

we deduce that [Aq, . . . , A^„] G [B(H n ii) n ]i ■ Note that if m = 0, then = {0}. On the other hand, 
since M. and W v are invariant subspaces under each operator Ti,...,T n , the subspace 7^„i; is semi- 
invariant under the same operators and, consequently, N a = PH nU T a \'H ni i f° r a U ol g F+. Note that, due 
to the fact that T fj M C for all /3 G F+ with |/3| > m, we have Np = for |/3| > m. Therefore, iV is a 
nilpotent row contraction of order < m, and 



Vi * 
Ni 



i = 1, 



where Vj :=Ti| % :H V ->H V . 

Now, let %3 :—HQM. and define Wj := P-H 3 Ti\-u 3 for i = 1, . . . , ra. Note that a vector ft, G "H is in H3 
if and only if h ± T a Axx for all x G % and a G F+, which is equivalent to AxT*h = for all a G F+. 
Consequently, h G H3 if and only if 

(I-^T* T n T*)T*h = 0, a G F+ . 

Therefore, if /i G H3, then one can prove by induction over k G N that 

n 

|H| 2 = Em77^>= E (TaO, /»> = •••= E (T a T* a h,h) 

i=l |a|=2 |a|=fc 

for all fc G N. This shows that 



n 3 C H c := < ft G W : E H^^ll 2 = H /l H 2 for an y fc = !' 2 > 

I |a|=* 

We prove now the reverse inclusion. Since T*H C C 7£ c for i = 1, . . . , n, for any ft G % c and /? G F+, we 
deduce that 

E \\KT;h\\ 2 = \\T* p h\\\ fc=l,2,.... 

|a|=fc 

In particular, we have (t p (I - £? =1 T i T i) T ph, h\ = 0, whence A T T*h = for all /3 G F+. Therefore, 
h G H3, which completes the proof of the fact that H3 = T-L Cl the largest co-invariant subspace under 

is an isometry. This implies that Y^i=i WiW* = Iu c . We have also seen that 



Ti , . . . T n such that 



T 



n \'Hc. 



H u C H c = W3 ■= H Q M and H u C H v C M. Consequently, H u = {0} and Ti has the representation 



Ti 



Ni * 
W t 
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where V, N, and W are n-tuples of operators with the required properties. If to — 0, then T, admits the 
representation 

T _ \Vi * 1 . 

Wi ' ' 

with respect to the decomposition H — H v © % c . The proof is complete. □ 

Theorem 1.2. Let Ha, Hi, andH2 be Hilbert spaces and let V , N , and W be n-tuples of operators with 
the following properties: 

(i) V := [Vi, . . . ,V n ] € [B(Ho) n ]i is an isometry; 

(ii) N := [iVi, . . . ,N n ] G [B(Hi) n ]i * s a nilpotent row contraction of order to G N with Hi — {0} if 
to = 0; 

(hi) := [VFi, . . . , W n ] G [B(H 2 ) n ]i is a coisometry. 

Then the following statements hold. 

(a) If m > 1, then the characteristic function of any row contraction [Ti, . . . ,T n ] G [B('H)"]^ o/ i/ie 
form 

Vi * * 



T 



l,...,n, 



JV, * 
Wi 

with respect to the decomposition H = Ho © Hi © H2, is a polynomial of degree < to. 
(b) If m = 0, then the characteristic function of any row contraction [Ti, . . . , T n ] G [2? (%)"■] j" 0/ the 
form 

T - \ Vl * 1 » = 1 

wrai/i respect to the decomposition H = Ho (BH2, is a polynomial of degree zero. 

Proof. First, we consider the case when to > 1. Since V*Vj — SijI for i, j G {1, . . . , n}, we have 

5j j 7 * * 



1, ... ,71, 



[Kjj]„ xn , where each operator entry G has the form = [ify 9 ^3x3 



where * stands for an unspecified entry. Consequently, we deduce that A T » = — T*Tj] nxn — 

* * 

* * * with 

* * * 

respect to the decomposition H = Ho © Hi © 77.2- Let At* have the matrix representation At* = 
[Djj]„ xn , where each entry Dy has the form [D • J 9 - 1 ] 3 x 3 , p, q G {1, 2, 3}, with respect to the decomposition 
H = Ho © Hi © %2- Since At* is a positive operator, we must have Da > and Djj = D*- for all 

i,j G {l,...,n}. This implies D[ pp) > for all i e {1, . . . , n} and p e {1,2,3}, and £>g p) = (D^ 5 )* for 

all i, j G {1, . . . ,n} and p,q E {1,2,3}. Since K ( ^ ] = and 

3 n 

^^EE^'^r i€{i,...,n}, 

we deduce that -D-j 9 ' = for all «,j G {1, ...,n} and q G {1,2,3}. Therefore At* has the operator 
matrix representation 



A 7 





"0 





0" 




r o 





0" 









* 


* 







* 


* 









* 


* 







* 


* 






"0 





0" 




"0 





0" 









* 


* 







* 


* 









* 


* 







* 


* 
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Now, note that 



= i -J2to? = 



1=1 



* * * 

* * * 

* * 



Setting At = [-^- pq ]3x3 an d taking into account that At > 0, we deduce that A pp > and A qp = A pq for 
p,g£ {1,2,3}. Since 

_* * At 3 Ai3 + A* 23 A 23 + A' z 3 

we must have A* 3 Ai3 + A23A23 + A| 3 = 0, which implies A13 = A23 = A33 = 0. Therefore, At has the 
form 

* * 
At = * * 




i2 
v 33. 



with respect to the decomposition H — Ho © Hi © H 2 . Since 
for all (3 £ F+ with \(3\ > m > 1, we deduce that 



* 
Q W B 



n 


* 


* 


0" 




ih)=J2 


* 


* 















0_ 




n 


* 





0" 




=£ 


* 










i=l 














n 









"0 





0" 







* 


* 







* 


* 












* 

* * Wg 

0" 

* * 
* * 

for any ffi" =1 /i l € H {n) . Hence, A T T*P,A T . = for all f3 £ F+ with |/3| > m > 1, which shows that the 
characteristic function Ot is a polynomial of degree < m. 

Now, we consider the case when m = 0. Similar considerations as above reveal that Ay* and Ay have 
the forms 



A T * 






0" 







0" 





* 







* 


"0 


0" 




"0 


0" 





* 







* 



and At = 
we have 



* 




with respect to the decomposition H = Ho © H2 ■ Since Tg = 



V a * 
Wa 



for all/3 e F+, 



A T r;p < A T .(e£ =1 ^) = X; 

n r 

= E 



* 


* 




v: 







* w, 





'0 0" 




* 





* 



p 

hi = 



for any ©™ =1 /ii S 'H^ and (3 e F+. Hence, we deduce that the characteristic function 0t is a constant, 
i.e., Ot = 6t(0). The proof is complete. □ 

Combining Theorem ll.ll and Theorem ll.21 we obtain the following characterization for row contractions 
with polynomial characteristic functions. 
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Theorem 1.3. Let T := [Ti, . . . ,T n ] G [B{H) n ]i be a row contraction. Then the characteristic function 
Qt is a noncommutative polynomial of degree m £ N if and only if there exist subspaces Ho, Hi, and H 2 
of H such that H = Ho ffi Hi ffi H 2 and each Tj admits a representation 



T, 



Vi * * 
JV, * 

w. 



1. 



where V := [V%, . . . , V n ] £ [B(Ho) n ]i is a pure isometry, N := [Ni, . . . , N n ) £ [B(Hi) n ]i * s a nilpotent 
row contraction of order m, and W := [W±, . . . , W n ] G [B{'H2) n \i * s a coisometry. Moreover, the degree 
of Qt is the smallest possible order of N in the representation ofT. 

In general, a row contraction has many representations in upper triangular form. The next result 
shows that, in a certain sense, the representation provided by Theorem 1 1.1 1 is unique. 

Proposition 1.4. Let T := [Ti, . . . , T n ] G [B(H) n ]^ be a row contraction such that the characteristic 
function Qt is a noncommutative polynomial of degree m G N. Let T :— [Ti, . . . , T n ] have a representation 

'V 



N[ * 
Wi 



1, 



with respect to a decomposition % = Hq © H[ ffi TL'2, where [V[,,..,V£\ G [B(H' ) n ]^ is an isometry, 
[N[, . . . , N' n ] G [B(H[) n ]i is a nilpotent row contraction of order m, and [W{, . . . , W^] G [B(H' 2 ) n ]i is a 
coisometry. 

Then the upper triangular representation of T given by Theorem \1.1\ has the following properties: 
H v CH' Q , H C DH' 2 . Moreover, 

H v = spanjT^ft, : h G T>t, \(3\ > m}, 

H c = {heH: W T * h W 2 = W h W 2 f° r aU k e and 

\a\=k 

Hnil =WQ {Hv © H c ). 



Proof. As in the proof of Theorem 11.21 we deduce that At has the form 

A T = 

with respect to the decomposition H — H' Q ffi H[ ffi H' 2 and 



* * 

* * 






\n 


* 


* 




* 


* 


0" 




* 


* 


0" 


T Q A T = 








* 




* 


* 

















































for any a G F+ with |a| > m. Consequently, if h = ho ffi hi ffi hi, where hj G H'j for j = 0, 1,2, then 
* 





T a Ah = 



G H' Q for a I > to. Hence H v C H' . Note that the inclusion H' 2 C H c is true due to the 



fact that H c is the largest invariant subspace under T* , . . . T* such that 
last part of the proposition follows from the proof of Theorem 11.11 



rp* 



is an isometry. The 

□ 



In what follows, we call the upper triangular representation of T given by Theorem 11.11 canonical. 

We recall that a row contraction T :— [Ti, . . . , T n ] G [B(H) n ]i is called completely non-unitary (c.n.u.) 
if there is no nonzero subspace Ai C H reducing under T±, . . . , T n such that [Ti\m, ■ ■ ■ ,Tu\m] is a unitary 
operator from A4^ m ^ to Ai. 



10 



GELU POPESCU 



Using Theorem ll.il one can easily deduce the following 

Corollary 1.5. Let T := [T%, . . . ,T n ] G [B(H) n ]i be a c.n.u. row contraction. Then the characteristic 
junction Qt is a noncommutative polynomial of degree m G N if and only if there exist subspaces 
Hi, and %2 of H. such that % = T-Lo © Hi © Hi and each T admits a representation 

~Vi 



Nt 




c, 



1. 



where V := [Vi,...,V n ] G [B(H ) n ]^ is a pure row isometry, N := [JV X , . . . , N n ] G [B(Hi) n ]i is a 
nilpotent row contraction of order m, and C :— [Cx, . . . , C n ] G [B(H.2) n \i * s a c.n.u. coisometry. 

We remark that there is a canonical upper triangular representation for c.n.u. row contractions, 
namely, the one provided by Theorem ll.il 



2. Unitary invariants on the unit ball of B(H) r 



In general, a row contraction has many representations in upper triangular form. The next result gives 
another reason why we will focus on the canonical upper triangular representations of row contractions 
with polynomial characteristic functions. 



Proposition 2.1. Let T := [Ti,...,T n ] G [B{U)% and T := [T{, . . . ,T^} G [B(H') r 



be row contrac- 



tions with polynomial characteristic functions, and let 

Vi 

Ti = ' 







Wi 



and T; = 



V( * 
N< 




H v © H' ni 
. , n, then 



be their canonical representations on H = % v © T-L n u © T-L c and %' - 
U : % — >• %' is a unitary operator such that UTi = T[U for all i = 1, . 

U(H V ) = H' v , U(H rM ) = K u , U(H C ) - H' c , 

and the diagonal entries of T and T' are unitarily equivalent, i.e., 

(U\n v )Vi = VKU\ n J, (U\n nil )Ni = N<(U\ Hnil ), (JJ\ HB )W i = W&U\ Ua ) 
for all i = 1, . . . , n. Moreover, if T :— [Ti, . . . , T n ] has a representation 



H! c , respectively. If 



Ti = 



* 



C t 



1,. 



. n, 



with respect to a decomposition % = Ho © Hi © Hi, where [A±, . . . , A n ] G [B{T-Lo) n \i * s a V ure - isometry, 
[B\, . . . , B n ] G [B(Hi) n ]i i s a nilpotent row contraction of order m G N, and [C\, . . . , C n ] G [B(hL2) n ]i 
is a coisometry, then the diagonal entries of T are not, in general, unitarily equivalent with those 
corresponding to the canonical representation of T . 



Proof. According to Section 1, we have 

Hv = span{T,g/i 



h G V T , |/3| > m}, 



U 



H c = {h€H: W T » h W 

\a\=k 



for all k G N}, 



and similar formulas hold for H' v , H' c and 'H' nil , respectively. If U : Ti — > %' is a unitary operator such that 
VT = T{U for i = l,...,n, then UA T = A T /J7 and U{U V ) = H' v , U{U nil ) = W nU , and U{H C ) = U' c . 
Now, it is easy to see that the diagonal entries of T and T' are unitarily equivalent. 

To prove the last part of the proposition, let N be a separable Hilbert space and let C\ G B(Af) be such 
that C = [C\, . . . , C n ] is a coisometry. Fix m > 1 and denote by V m -\ the subspace of all polynomials 
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of degree < m — 1 in the full Fock space F 2 (H n ), i.e. V m -i '■= span{e Q : a £ F+, \a\ < m — 1}. Let 
T := [Ti, T n ] be denned by 

'Si ' 

Ti= Pv m - 1 Si\v m - 1 , i = l,...,n, 

o a 



with respect to the decomposition % :— F 2 {H n ) © V v 



i TV, where Si, . . . ,S n are the left creation 



operators on F 2 (H n ). According to Theorem ll.il the canonical decomposition of Tj is 



Ti = 



Vi * * 
JV, * 
d 



i = 1, 



. ,n, 



with respect to the decomposition H = U v © %ni* © "H c , where 

H v := [F 2 (iJ„) © P m _i] © © 0, ««« := P m _i © V m -i © 0, and H c 



© © N, 



the operators V % £ B(F 2 (H n ) © V m -i), N, £ B{V m -i © V m -i), and C t G B(C) are defined by 



Vi := Si\ F 2( Hn ) eVm ll Ni := 







and Wi := & 



for any i = 1, . . . ,n. We remark that the pure isometries [Si, . . . , S n ] and [Vi, . . . , V n ] are not unitarily 
equivalent, when n > 2, since they have the multiplicity 1 and n m , respectively. Note also that the nilpo- 
tent row contractions [P-p m _ 1 Si\-p m _ 1 , . . . , P-p m l S n \-p m _ 1 ] and [N\, . . . ,N n ] are not unitarily equivalent, 
in spite of having the same order m. The proof is complete. □ 

We need to recall from [10] that the noncommutative Poisson kernel associated with a row contraction 
,T n ] £ [B(H) n ]i is the operator K T : H -> F 2 (H n ) ® A^H denned by 



T := m 



K T h := 5^ e " ® A rr*/i, fc6«. 

fe=0 |a|=fc 

The operator if r T is an isometry if < r < 1, and 

K T K T = I - SOT- lim V T a T*. 



|a|— 

The connection between the characteristic function and the Poisson kernel of a row contraction is given 
by the formula I - Q T Q* T = K T K T (see [13]). 
Let Noo := N U {oo} and define the map 

r : [B{H) n ] i ^ Noo x Noo x Noo, 
by setting m := deg(Ox), q '■= dim(ker K?), and 

dim(2? m © V m+ i) 



P 



dim AtH 



if m G N 
if m = cxd, 



where V m := span{T^A*r/i : /i G H, |/3| > m}, Ot is the characteristic function, Kt is the noncommuta- 
tive Poisson kernel, and At is the defect operator associated with T £ [B(H) n ]i . One can easily show 
that the map V is a unitary invariant for row contractions, i.e., if T G [B(H) n ]i and T' £ [B(H') n ]~[ are 
unitarily equivalent, then T(T) = T(T'). 

The next result shows that the map T detects the pure row isometries in the closed unit ball of B{H) n 
and completely classify them up to a unitary equivalence. 

Theorem 2.2. Let T := [Ti, . . . , T„] £ [B(T-l) n ]i be a row contraction. Then the following statements 
hold: 

(i) T is a pure isometry if and only if P(T) G Noo x {0} x {0}. 

(ii) // T, T' £ [B(H) n ]i and T(T) — T(T') — (p, 0, 0) for some p £ Noo, then T is unitarily equivalent 
to T' and p — rank At = rank Ay . 
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Proof. First, we assume that T is a pure isometry. According to the Wold decomposition for isometries 
with orthogonal subspaces [I], T is unitarily equivalent to (Si ® Ik, ■ ■ ■ , S n <S> Ik.) for some Hilbert space 
/C. Therefore, without loss of generality we can assume that T — [S\ ® Ik, ■ ■ ■ , S n ® Ik]- In this case, 
we have At = Pc ® Ik an d At* = 0. Consequently, we deduce that T>t = 1 <8> fC, T>t* = {0}, and 
6 T = G 5({0},/C). Hence, deg(9 T ) = 0. Note that 

[spafi{TpA T h : h G H, \/3\ > m} © spaE{TpA T h : h G U, \/3\ > m + 1}] = 1 <g> K, 

and p = dim/C = rank At- On the other hand, since 

keiK T = {h G H : ^ \\T*h\\ 2 = \\h\\ 2 for all k G N} = JC C 

\a\=k 

and T = [Si ® Iki ■ ■ ■ > Sn <8 ijc] is a completely non-coisometric row contraction, we have ker Kt = He = 
{0} and, therefore, dimker Kt = 0. Summing up, we deduce that T(T) G Nqo x {0} x {0}. 

Conversely, assume that T is a row contraction with T(T) G Nqo X {0} x {0}. Then we have ker Kt = 
H c = {0}. According to Theorem 1 admits the representation 



N, 



1,. 



with respect to the decomposition H = H v © H n u- On the other hand, since deg(OT) = 0, we must have 
H n a — {0} and Tj = for i = 1, . . . , n. Therefore, T — [Vi, . . . , is a pure isometry on H and, using 
the Wold decomposition for isometries with orthogonal subspaces, we deduce that 

p = dim [span{ Tph : h G Dt , ft G F+} © span{2>/i : htV T , \P\ > 1}] 

is the dimension of the wandering subspace for T — [Vi, . . . , V n ], Hence, T — [Vi, . . . , V n ] is unitarily 
equivalent to [Si ® /j<;, . . . ,S n ® /k] f° r some Hilbert space /C with dim/C = p, where 5i, . . . , S„ are the 
left creation operators on the full Fock space F 2 (H n ). Therefore, part (i) holds. 

To prove part (ii), assume that T, T G [B(H) n ]^ and T(T) = T(T') = (p, 0, 0) for some p G Noc. Due 
to the first part of the proof, we deduce that T and T 1 are pure row contractions with the property that 
the dimensions of their wandering subspaces are equal to p = rank At = rank At' • Consequently, using 
the Wold decomposition, we conclude that the pure row isometries T and T" are unitarily equivalent. 
The proof is complete. □ 



We remark that, due to Theorem 12.21 and the model theory for row contraction [5], if q = and 
m = or q = and m = oo, then p represents the multiplicity of the rt-tuple (Si, . . . , S n ) of left creation 
operators in the operator model of T = (Ti, . . . , T n ). 

Corollary 2.3. let T := (Ti, . . . , T„) G [B(H) n ]i be a row contraction and Si, . . . , S n be the left creation 
operators on the full Fock space F 2 (H n ). Then T is unitarily equivalent to (Si (g) Ik, ■ ■ • , S n ® Ik) for 
some Hilbert space K, if and only if 

T(T) = (dim/C, 0,0). 

In this case, rank At = dim/C. 

Let $ : [B(H) n ]i -4 B(H)®B(K, U JC 2 ) and $' : [B(H) n ]i -4 B(U)®B(K,' X ,1C'^ be two free holomorphic 
functions. We say that $ and $' coincide if there are two unitary operators Tj G B(Kj,K'j), j = 1,2, 
such that 

&(X)(I H ® r0 = (I H ® r 2 )$(X), X G [B(H) n ]i. 

Now, we can prove the following classification result. 

Theorem 2.4. let T := [Ti, ...,T„] G [B(H) n ]i be a row contraction. Then the following statements 
hold: 

(i) T is a pure row contraction with polynomial characteristic function if and only if 

T(T) G Noo x N x {0}. 
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In this case, Ti has the canonical form T = 



Vi * 
N, 



where V ;= [Vi,..., V n ] G [B{H v ) n ]± is a 



pure isometry and N := [N\, . . . ,N n ] G [B (7i n u) n ]i is a nilpotent row contraction. 
(ii) the map T t— > (T(T),Qt) detects the pure row contractions with polynomial characteristic func- 
tions and completely classify them. 



Proof. Assume that T is a pure row contraction with polynomial characteristic function. Let 

Ti 



Vi * * 
Ni * 
Wi 



be the canonical upper triangular representation on % = H v © H n il © H c , provided by Theorem ll.il If 
h G H c , then T*(0 © © @h) = © © W*h. Consequently, we have 

ii^ii 2 = E n^>ii 2 = E K(° © © ^n 2 ' k e N - 

|a|=£; |a|— 

Since T is a pure row contraction, we deduce that h — 0, which shows that ri c = {0}. Therefore, 

v, * " 

N z _ 

where V := [Vi,...,V n ] G [B{H v ) n ]^ is a pure isometry and N := [JVi , . . . , N n ] G [B(H m i) n ]i is a 
nilpotent row contraction. 

Conversely, assume that T is a row contraction with T(T) G Nqo X N x {0}. Hence, dim(ker if^) = 



r(T) e Noo xNx {0} and has the form Ti 



with respect to the decomposition H — H v ®H n ii, 



and H c = {0}. According to Theorem 11.11 T has the form T = 



N< 



Assuming that N is a 



nilpotent n-tuple of order m, we deduce that there exist operators Xr a \ S B(T-L n u, Hv) such that 
(2.1) T Q = 







for all a £ with \a\ — m. Since [T 1; . . . , T n ] is a row contraction, so is the row operator [T a : |a| = k] 
for any k > 1. In particular, we have 

E ii^©°)ii 2 = E iioii 2 © E ii*<vii 2 ^ iwi a 

a|— m |a|— m |a|— m 

for any, x G T-L v . Consequently, the row operator [X^ a ) : |a| = m] is a contraction. Let ai, ...,ak G F+ 
be such that = • • • = \otk\ = m, and note that, due to relation (j2.1[) , 

VcK! • • • V ak V ai ■ ■ ■V ak _ l X( ak - ) 





T ■ ■ ■ T — 
Since [Xr a \ : \a\ = m] is a contraction, we have 

E iit„v.„»(*©ioii 2 = E ii^-a* 



E WKX.-^t 



n o^e'S 



< E ii^n 2 + E h^ii 2 

7£Fi,|7|=mfe 7eF+,|7|=m(fe-l) 

for any x (By € H v © Hnij. Taking into account that [Vi, . . . , V n ] is a pure isometry, we have 

lim V \\V*x\\ 2 = 0, x G W„. 
7 eF+,|7|=fc 

Hence, and using the inequalities above, we conclude that 

(2.2) lim Y ||T*(a;©y)|| 2 = 0, x®y £H v ®H na . 



7GF+,|7|=mfc 
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If q > N, then q — mk q +p q for unique k q G N and p q 6 {0, 1, . . . , m— 1}. Using the fact that [T 7 : |7| = p q ] 
is a row contraction, we have 

E n T 7^©y)ii 2 = E ii^t;(^®2/)ii 2 

\a\=q \^\=p q ,\a\=mk q 

< E l|r*c^©y)ll 2 - 

\a\—mk q 

Hence, and using \2.2\ , we deduce that lim^oo J2\ a \= q \\^*( x ® u)\\ 2 = 0' which proves that [Ti, . . . , T„] 
is a pure row contraction. The proof of part (i) complete. 

To prove part (ii), let T, T' G [B(H) n ]^ be row contractions. Using the result from part (i) and 
Theorem 5.4 from [5], we deduce that T and T' are unitarily equivalent pure row contractions with 
polynomial characteristic functions if and only if T(T) and r(T') are in Noo xNx {0}, and the characteristic 
functions Or and Ot' coincide. This completes the proof. □ 

Using Theorem II .31 we can easily deduce the following 

Proposition 2.5. Let T := [Ti, . . . ,T n ] G [B(TL) n \^ be a row contraction with polynomial characteristic 
junction. Then the following statements hold. 

In, * 



(i) Ti has the form Ti 



if and only if T(T) G {0} x 



W t 

(ii) Ti has the form [N z ] if and only if T(T) S {0} x N x {0}. 
(hi) Ti has the form [Wi] if and only if T(T) e {0} x {0} x Noo- 

Corollary 2.6. Let T := [Ti, . . . ,T„] G [B{'H) n \^ be a row contraction. Then T is c.n.c. if and only if 
r(T) G Noo x Noo x {0}. In this case, the characteristic function Qt is a noncommutative polynomial of 
degree m G N if and only if there exist subspaces H v and TL n a of H such that H = TL V © H n u and each 
Ti admits a representation 

rp \Vi * 1 . , 

1 ~ [0 Ni\ ' ' ' 

where V :— [V±, . . . , V n ] G [B(H v ) n ]i is a pure row isometry and N = [N\, . . . ,N n ] G [B(H n u) n }± is a 
nilpotent row contraction of order m. Moreover, the degree of Qt is the smallest possible order of N in 
the representation of T . 

Proof. Since T is c.n.c. row contraction, we must have H. c = {0}. Applying Theorem 11.31 the result 
follows. □ 

We remark that the map T H> (T(T),Qt) detects the c.n.c. row contractions and completely classify 
them. Indeed, Corollary |2 . 61 above and Theorem 5.4 from [S], imply that T and T' are unitarily equivalent 
c.n.c. row contractions if and only if T(T) and T(T') are in Noo x N m x {0} and the characteristic functions 
6t and &t' coincide. 

The next result is a characterization of row contractions with constant characteristic function. 

Theorem 2.7. Let T := [Ti,...,T„] G [B(H) n \^ be a row contraction. Then the following statements 
are equivalent: 

(i) the characteristic function Qt is a constant, i.e, Qt — ©t(0); 

(ii) r(T) g Noo x {0} x Noo; 

(hi) T admits the canonical representation 



T, 



W,. 



l,...,n, 



where V := \V U . . . , V„] G [B(H v ) n Y[ is a pure isometry and W := [W x , . . . , W„] € [B(n c ) n ]^ is 
a coisometry. 

If, in addition, T is c.n.u, then Or is constant if and only if T has the representation above where V is 
a pure isometry and W is a c.n.u. coisometry. 
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Proof. Using Theorem 1 1.3[ Corollarv ll.51 and the definition of the map T, the result follows. □ 

3. The automorphism group Aut(£?(%)") and unitary projective representation 

The theory of noncommutative characteristic functions for row contractions [5] was used in |16) to 
determine the group Aut (£?(%)") of all free holomorphic automorphisms of the noncommutative ball 
[B(H) n ]i. We showed that any # G A\it(B{H)?) has the form 

where $;/ is an automorphism implemented by a unitary operator U on C™, i.e., 

$u{Xi,...,X n ) := [X u ...,X n ]U, (X 1 ,...,X n ) G 

and \I>a is an involutive free holomorphic automorphism associated with A := 1 i ,-1 (0) G B n . The auto- 
morphism * A : [B(H) n ]i -> [B(H) n ]i is given by 

9 x {X 1 ,...,X n ):=X-Ax^In-J2 ~ XlX ^j [Xl ' ■ • ' ' X ^ Ax ' ' . . • , A„) G [B(«) n ] x , 

where A a and Aa* are the defect operators associated with the row contraction A := [Ai, . . . , X n ]. Note 
that, when A = 0, we have ^o(X) = —X. We recall that if A G B„\{0} and 7 := p^p then ty\ is a free 
holomorphic function on [B(TL) n ] 7 which has the following properties: 

(i) * A (0) = A and * A (A) = 0; 

(ii) *a is an involution, i.e., * a (*a(A)) = X for any X G [B(%)™] 7 ; 

(hi) \Pa is a free holomorphic automorphism of the noncommutative unit ball [£?(%)"] 1; 
(iv) ^a is a homeomorphism of [B(H) n ]i onto [£?(%)"] ^. 

We say that a row contraction T = (T%, . . . , T n ) G [B(TL) n ] \~ is homogeneous if T is unitarily equivalent 
to <p(T) for any ^ = (cpx, . . . , <p n ) G Aut(B(W)?). 

Theorem 3.1. Lei T := [Ti , . . . , T n ] G [B(H) n ]y be a completely non-coisometric row contraction. 
Then T is homogeneous if and only if Ox ^ coincides with the characteristic function Qt for any 
* G Aut(B(707). 

Proof. Let := $;/o\1/a be a free holomorphic automorphism of [B(TL) n ]i, where U is a unitary operator 
on C" and A G B ra . According to [IS], the characteristic function has the property that 

e HT) (x) = -(ig <g> n*)(e T o <8) n,u), a g [b(£)"]i, 

where f2 and f2» are the unitary operators. Therefore, O^of _1 coincides with the characteristic function 
0$(t) f° r an y ^ £ Aut(£?(H)™). Since T and VE'(T) are c.n.c. row contractions, we can apply Theorem 
5.4 from [5], to deduce that T is homogeneous if and only if Qt coincides with 0$(t)- Consequently, 
T is homogeneous if and only if Ot coincides with ®t 'J' 1 for any "J G Aut(£?(%)™). The proof is 
complete. □ 

Lemma 3.2. Lei $, r p , andT be in the automorphism group Aut(L?(%)™) 7 where k,p G N. — > $ 
and r p — S> r uniformly on [B(H) n ]y , then o T p — > $ o T uniformly on [B(7i) n ]i , as k,p —> 00. 

Proof. Since $ G Aut(L?(%)™), it is uniformly continuous on [£?(%)"]]". Hence, for any e > 0, there is 
6 > such that ||$(Y) - $(Z)|| < § for any Y, Z G [-B(W)"]^ with ||Y - Z\\ < S. Taking into account 
that r p T uniformly on [B(H) n ]i , we find N G N such that ||r p - r||oo < <5 for any p> N. Hence, we 
have 

U$(r p (x))-$(r(x))||<! 

for any A G [S('H) n ]^ and p > N. Consequently, we have 

o r p )(A) - ($ o r)(A)|| < ||($ fe - $)(r p (A))|| + ||$(r p (A)) - $(r(A))|| 

< ||*fc-#||oo + | 
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for any X G [B(U) n ]i, k G N, and p > N. Since \\$ k - $||co -> as k -> oo, there is M £ N such that 
||3>fc — $||oo < f for any fc > M. Combining these inequalities, we deduce that ||$fe o T p — $ o < e 
for any p > N and k > M, which completes the proof. □ 

Let 4>,ip & Aut(fl(ft)?) and define 

d £ {4>^) := ll^-^lloc + lir'W-^Co)!!. 

One can easily check that dg is a metric on Aut(_B (%)"). 

Lemma 3.3. Let $fc = <&u(k) o ^aO) , k G N, and $ = $;/ o vfr A &e free holomorphic automorphisms of the 
noncommutative ball [£?(%)"] i, where U (k \U G W(C") and A (fc \ A G 1„. Then the following statements 
are equivalent: 

(i) — > 4> in i/ie metric dg; 

(ii) [/( fe ) U in B(C n ) and A^ — > A in f/ie Euclidean norm o/B„; 
(hi) $y( fc) -)• $;7 and * A(fc) -> * A uniformly on [B{H) n ]^ . 

Proof. First, we prove that (ii) is equivalent to (iii). Assume that = [u\^] nxn , k G N, and U = 



% j J n X n 



are unitary matrices with scalar entries, and 3>[/(*o — > $u uniformly on , as k — > oo. 

For each j = l,...,n, denote lj := [0, 0], where the identity is on the j-position. Since 

||$y(fc)(Ii) - <%(L)|| = fe"=i \ u if ~ u ij?) / , h is clear that, for each i,j G {l,...,n}, u\f -> 

as k — > oo. Hence, — > U in B(C n ). Conversely, assume that the latter condition holds. Since 
\\^ uW (X)-^u(X)\\ < ||X||||C/( fe )-C/|| for any X = {x u ..., X n ] G [B(U) n }^, we deduce that 9 uW -> 
$;7 uniformly on [i?(H)™]^. 

Now we prove that A^ — > A in the Euclidean norm of B n if and only if — > uniformly on 
[B{H) n ]i . Since , I' A (fc)(0) = A^ fe ^ and vE'a(O) = A, one implication is clear. To prove the converse, assume 
that A^ fc ' — > A in the Euclidean norm of B„. Since the right creation operators R\, . . . , R n are isometries 
with orthogonal ranges, we have 

1/2 , n \ 1/2 




53 




< i. 



Consequently, f 52^=1 ^! converges to (X)™=i ^»-^») , as fc — s- oo, in the operator norm. Taking 

into account that 

*A = A - A A |j - J * R ^J [#!.••-. #n] A A- 

and a similar relation holds for vE^t*) , we deduce that ^ A (fc) — > ^x in the operator norm. Due to the 
noncommutative von Neumann inequality [6], we have ||4 , a<'=> PO — ^a(A)|| ||^ , A< fc ) — ^a|| for any 
X = [Ai, . . . , A„] G [B(H) n ]i . Hence, ^a" 1 ) — ^ ^a uniformly on [£?(%)™]j~, which proves our assertion. 
Therefore, (ii) is equivalent to (iii). 

Now, we prove that (i) (ii). Assume that d£(<I>fc, <E>) — > as k — > oo. Hence, <£>£ — > <f> uniformly 
on [j3("H)™]:f and A( fe ) = $^" 1 (Q) -> A = $ _1 (0) in B n . Consequently, as proved above, we have that 
* A (fe) -)• uniformly on [B(H) n ]i . Using Lemma [3721 and the fact that = o *A< fc )> k eN, and 

$ = $(j o v^Ai we deduce that 

uniformly on [^(H)™]^. Hence, [7^ fc ' — > C/ in B(C n ) and, therefore, (ii) holds. 

It remains to prove that (ii) (i). Assume that (ii) holds. As proved above, <EVo) — » $y and 
^aC 1 ) ~~ ^ uniformly on [B(7^) n ]^. By Lemma [3721 we deduce that 

$fc = o 1> A(li) -> $ = $p o * A 

uniformly on [B(H) n ]i- On the other hand, we have 1 (0) = A^ fc) -> A = $ _1 (0) in B„. Now, one can 
easily see that d£($fc, $) — >• as k — > oo. The proof is complete. □ 
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After these preliminaries, we can prove the following 

Theorem 3.4. The free holomorphic automorphism group Aut(£?(%)™) is a a-compact, locally compact 
topological group with respect to the topology induced by the metric dg. 

Proof. First, we prove that the map 

Aut(B(«)J x Aut(B(H)i 3 ($,T) ^ $ o T g Aut(B(ft)i 
is continuous when Aut(£>(%)™ has the topology induced by the metric ds . For k,p g N, let 

be free holomorphic automorphisms of [B(7i) n ]i, in standard decomposition. Then U^ k \ W^ p \ U, W are 
unitary operators on C n and X' k \ A, /i are in B n satisfying relations 

A w = $-i( ) 7 M (p) = r- x (o), a = $-^0), and fx = r- x (o). 

Since $fc o T p g Aut(i?(H)i , it has the standard representation 

(3.1) ^or P = *flwt 2 w 

for some unitary operator g U(C n ) and z( fep ' g B„. Note that 

- (3* ° r,)- 1 ^) = (^ o o $-i)( ) = (a(%W) . 

Similarly, since $or g Aut(B(n)^, we have $or = $ fi o^ for some ft g W(C n ) and z = ^(AW*) £ B„. 
Assume that dg(<&k, $) — )■ as fc — ► oo and dg(r p , r) — s> as p — > oo. According to Lemma |3~31 A^ fe ' — > A 
in B„ and W {p) ^ W in B(C n ). Hence, X {k) W^* -> XW* in B(C n ). Applying again Lemma E3J we 
deduce that ^(p) — > uniformly on [£?(%)"]]". Consequently, 

Z (M = y MW (A (fc) VF (p) *) -> z = ^(AW) g B„ 

as fc,p — >• oo. This implies that ^(fep) — > & z uniformly on [B(H) n ]i . On the other hand, since $fc $ 
and T p — > r uniformly on [_B(H) n ]7, Lemma l3~2l shows that $j. o T p -> $ o T uniformly on [£?(%)"] 7 as 
k,p — > oo. Now, by relation (|3.1[) and Lemma I3~2l we deduce that 

$ n(fcP) = ($ fe o r p ) o ^ 2(fcp) ^($or)of 2 = $ n 

uniformly on [£("H)™]7. This implies that fl^ -> fi in S(C n ) as fc , p — >■ oo. Using again Lemma 13.31 
we conclude that o T p — > $ o V, which proves our assertion. 

In what follows, we show that the map $ M> $ _1 is continuous on Aut(£>(%)™) with the topology 
induced by the metric ds. Assume that <ig — > as k — > oo. Using the same notations as above, 
we have <&[/(*o — > $[/ an d 4'A< fc ) — * *a uniformly on [£?(%)"] 7. Applying Lemma l3~2| we deduce that 

(3.2) 3-7 1 = * AW o fc,^). -> 1< A o = 

uniformly on [B(Ti) n ]^, as fc — > oo. On the other hand, we have the standard representations $7 = 
° * z (*o and $7 1 = $vk ° *z for some unitary operators W^ k \W g B(C n ) and z g B„. Note 
that = $ fc (0) = o * A( *))(0) = X^U^ and z = $(0) = XU. Since A^ -> A in B„, we have 

_ ). z in B„, which implies V^t*) — > ^ z uniformly on [J3(%)™]7, as k — > oo. Using relation Q3.2p and 
Lemma I3T21 we deduce that 

uniformly on [i?(H)™]7. Applying Lemma l3~3l we conclude that $7 X — > in the topology induced by 
the metric dg. 

Each free holomorphic automorphism $ g Aut(£>(%)™ has a unique representation $ = $y o ^ A , 
where A := $- x (0) and C/ g W(C n ). This generates a bijection x : Aut(B(H)? ->■ iY(C n ) x B„ by 
setting x(^) := (U,X). According to Lemma T3.31 the map \ is a homeomorphism of topological spaces, 
where Aut(i3(H)" has the topology induced by the metric de and U(C n ) x B n has the natural topology. 
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Consequently, since U (C rl ) x B n is a cr-compact, locally compact topological space, so is the automorphism 
group Aut(B(H)i- The proof is complete. □ 

Corollary 3.5. The free holomorphic automorphism group Aut(_B('H)™) is path connected. 

Proof. Fix a unitary operator U £ U(C n ) and A G B„. Since the unitary group U(C n ) is path connected, 
there is a a continuous map [0, 1] 9 t t-t Ut £ U(C n ) such that Uq — I and U\ = U. Using Lemma I3TB1 
we deduce that the map tp : [0, 1] — > Aut(_B('H)™) defined by ip(t) := $[/ t °^tx is continuous with respect 
to the metric dg. Since ip(0) — and </>(l) = &u ° ^a, the proof is complete. □ 

Let Aut(B(TL)i) be the free holomorphic automorphism group of the noncommutative ball [B(H) n ]i 
and let U(1C) be the unitary group on the Hilbert space K,. According to Theorem 13.41 Aut(i?(H)™) is 
a topological group with respect to the metric dg. A map it : Aut(B(H)™) — > U{1C) is called (unitary) 
projective representation if the following conditions are satisfied: 

(i) n(id) = I, where id is the identity on [B(TL) n ]i; 

(ii) ■k{lp)h{iI)) — c(tp, ip)Tr((p o ip), for any ip, ip £ Aut(£?(%)™), where c((p,if)) is a complex number 
with \c((p, = 1; 

(iii) the map Aut(f?(%)™) 3 <p \-> (tt(<p)£, n) £ C is continuous for each £,r] £ tC. 

Theorem 3.6. Any completely non-coisometric row contraction T := [Ti, . . . ,T n ] £ [B(T-L) n ]^ with 
constant characteristic function is homogeneous. If T is irreducible, then the following statements hold: 

(i) (fii(T) = U^TiU v for all (p £ Aut(i?(H)™), where U v £ B(F 2 (H n )) is a unitary operator and 

U v Utp = c((p, ip)U V oip, <p,tp £ Aut(B(H)"), 

for some complex number c(ip, ip) £ T. 

(ii) the map tp — > U* is continuous from the uniform topology to the strong operator topology. 

(iii) The map ir : Aut(i?(H)™) — > B(F 2 (H n )) defined by Tr(cp) := U v is a projective representation of 
the automorphism group Aut(_B(7^)"). 

Proof. The fact that T is homogeneous follows from Theorem 13.11 using the fact that the characteristic 
function is constant, i.e., Q T = 9 T (0). According to Theorem [23 if T := [Ti,...,T„] £ [B(H) n ]^ is 
a c.n.c row contraction with polynomial characteristic function, then the characteristic function Qt is a 
constant if and only if T is a pure isometry. Consequently, if T is irreducible we can assume, without loss 
of generality, that T = [Si,..., S n ] . 

Let <p = (<pi, . . . , ip n ) £ Aut(B(H)i) and let tp = [tpi, . . . , tp n ) be its model boundary function. Note 
that tp is a pure row isometry and and <p>i = <fi(Si, . . . , S n ) for i = 1, . . . , n. Using the noncommutative 
Poisson transform at ip, we obtain 

(3.3) <Pi{Su--;S n ) = Pe(S i ) = K%(Si®I V9) )Ke, i = l,...,n, 

where the Poisson kernel K@ : F 2 (H n ) — > F 2 (H n )®T>^ is an isometry. On the other hand, since tp*tp = I, 
the characteristic function 9^ = 0. Since I — 0^01 = K^K-, we have K^K~ = /, which implies that 
K(p is a unitary operator. 

According to [16] , (p = &u o where A := (Ai, . . . , A) = <y5 _1 (0) £ B„ and U is unitary operator on 
C™. Moreover, we have 




Therefore, there is a unitary operator A> : — > C defined by 

A A A^/ := (1 - HAllD^Pc (l-lL X ^ f 
= (l-HA||^) 1/2 /(A) 
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for any / G F 2 (H n ). Hence, we deduce that 

A A (zA^(l)) = z(l-||A||^) 1 /2, ZE C, 

and = CA^(l). Since A^ = A# , we deduce that the operator W 9 : F 2 (H n ) ® V 9 F 2 (H n ) 
defined by 

W 9 {g ® zA^(l)) := z(l - \\\\\l) 1/2 g, g £ F 2 (H n ) and z £ C, 
is unitary. Consequently, we have 

(3-4) WZ{g) = g®— -i_A^(l)), g £ F 2 (H n ). 



Setting U v :— W^K^, relation (|3.3I) implies 

ifi(Si,. . . ,S n ) = U*SiU v , i = l,...,n, 
for any ip £ Aut(B(H)^). Hence, if ip £ Aut(.B(ft)i) 5 then 
(3.5) (tpi o i/))(Si, . . . , S n ) = U^SiU^, i = l,...,n. 

On the other hand, due to Theorem 3.1 from [16], the noncommutative Poisson transform satisfies the 
relation P-~^;[x] = P^Pfilx] f° r an Y X S C*(Si, . . . , S n ), the Cuntz-Toeplitz C* -algebra generated by the 
left creation operators Si, . . . , S n . In particular, when x = Si, we obtain 

K U {Si ® ^w^W ^ {[W ® J ^)^l ® i = 1. • • • .n. 

Hence, we deduce that 

(cpi o ip)(Si,. ..,S n ) = U^U^SiUpU^, i=l,...,n. 
Combining this relation with (13.51) . we deduce that 

UpoTpSiUtpoi/j = UjpUpSiUipUi/j, i = 1, . . . , n, 

which is equivalent to 

UtpU^U^o^Si = SiUtpU^Upo^p, i = 1, . . . , n. 

Since Si,...,S n is irreducible and U^U-^U*^ is a unitary operator, we have U V U^U*^ — c((p,ip)I 
for some complex number with \c(ip, ip)\ = 1. Hence, we deduce that U V U^, — c(ip, ip)U V o^, for any 
<p,ip £ Aut(B(H)i). 

Now, we prove part (ii). Let tp^ := (ifi , . . . , <Pn^)t P — 1,2,..., and ip '■— tyi, ■ ■ ■ > V>n) be in 
Aut(-B(%)") such that ip± converges to ipi in the uniform norm on [B('H) n }i, that is, 

-V'ilU := sup ->0 asp^oo, 

^e[B(«)"]i 

for i = l,...,n. Since ipf^ and ipi are uniformly continuous on [£?(%)"] i, the model boundary func- 
tions and ipi are in the noncommutative disc algebra An and we have ip\ p ^ — ip\ p \Si, . . . , S n ) and 

= ip(Si, . . . , Sn). Consequently, the convergence above implies that ip^ — > ipi in the operator norm 
topology. Each <p( p > £ Aut(_B('H)") has the form (p( p > = &xj p o where $u p is an automorphism 

implemented by a unitary operator J7 P on C", i.e., 

^ Up (X 1 ,...,X n ) := [Xi,...,X n ]t/ p , (X l5 ...,X„) G [B(H)"]i, 

and ^ x( P ) is the involutive free holomorphic automorphism associated with A^ :— (ip^)^ 1 ^) £ B n . 
Similarly, we have ^ = ^f/ ^V, where £7 6 B(C n ) is a unitary operator and ^ is the involutive free 
holomorphic automorphism associated with \i := V> _1 (0) G B„. Due to the above-mentioned convergences, 
we deduce that (p( p \0) — > -0(0) as p —> oo. Taking into account that *a( P ) (0) = A^ and ^(0) = fi, we 
have ip( p \0) = X^U P and V'(O) — Z 1 ^- Therefore, \^U P converges to /j,U in the operator norm. Since 
Up and {/ are unitary operators, we deduce that ||A^ P ^||2 — ► H^lb as p — > oo. 
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Given e > and x = J2 a &i a " e " e F 2 (H n ), let k G N be such that \\x - J2 a e¥+,\ a \<k a a e a\\ < 
Using relation (|3.4I) and the properties of the noncommutative Poisson kernel, we have 

a a U; M e a = a ^ K *^ W *M e » 



\a\<k 



\a\<k 



|a|<fc 



A similar relation holds if we replace (p^ with ^. Since ipf — > ip% in the operator norm topology and 

|] A<» i] 2 -> II 

yu. 1 1 2 as p —¥ 00, there is A G N such that 



\a\<k \a\<k 

for all p > N. Using the fact that J/„o) and fT^, are unitary operators, we deduce that 



e 

<2 



l|£C<P)Z - t/^ll < 



U v (p) ( £ J]] o, a e a 

\a\<k 



\<k 



a|<fc 



+ 



EC 




< 2 



\a\<k 




„ e e 
^4 + 2^ 



for any p > N. Therefore L7* (p) converges to C/^, as p — > 00, in the strong operator topology. 

To prove part (hi), let <p( p ', f be in Aut(B(H)") be such that — > <p in the metric dg, as p — > 00. 
Then ||</^ p ) — </?||oo — >> 0, as p — > 00. Using (i) and (ii), we deduce that the map tt : Aut(i?("H)") — > 
B(F 2 (H n )) defined by n(<p) := U v is a projective representation of the automorphism group Aut(B(H)i). 
The proof is complete. □ 

We say that two projective representations 7Ti, 7r 2 of Aut(£?(%)™) on the Hilbert spaces and 
■H 2 , respectively, are equivalent if there exists a unitary operator U : Jii — > H2 and a Borel function 
cr : Aut(B(W)?) -4- T such that tt 2 (^)C/ = a{(p)U<K X {<p) for all <p G Aut(B(H)™). 

We remark that if 7Ti and 7r 2 are two projective representations of Aut(_B('H)" associated with T, as in 
Theorem|32J then we have <fi(T) = •Kx{tp)*T i 'K 1 {(p) and ipi(T) = 7r 2 (^)*r i 7r 2 (^) for all ip G A.ut(B(H)%) 
and i = 1, ...,n. Hence, 7ri(yj)7r2(y)* commutes with each operator Ti,...,T„. Since [Ti,...,T n ] is 
irreducible, we deduce that 7Ti (i^)7r2 (v)* = d(cp)I for some constant d(ip) G T which proves that 7Ti and 
7r 2 are equivalent. 
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